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Abstract
Let X be a proper and smooth curve of genus g  2 over an algebraically closed field k of positive
characteristic. If k = F¯p , it follows from Hrushovski’s work on the geometry of difference schemes that the
set of rank r vector bundles with trivial determinant over X that are periodic under the action of Frobenius is
dense in the corresponding moduli space. Using the equivalence between Frobenius periodicity of a stable
vector bundle and its triviality after pull-back by some finite étale cover of X (due to Lange and Stuhler) on
the one hand, and specialization of the fundamental group on the other hand, we prove that the same result
holds for any algebraically closed field of positive characteristic.
© 2009 Elsevier Masson SAS. All rights reserved.
Résumé
Soit X une courbe propre et lisse de genre g  2 sur un corps algébriquement clos k de caractéristique
positive. Si k = F¯p , on déduit du travail de Hrushovski sur la géométrie des schémas aux différences que
l’ensemble des fibrés vectoriels de rang r et de déterminant trivial sur X qui sont périodiques sous l’action
de Frobenius est dense dans l’espace de modules correspondant. En utilisant d’une part l’équivalence entre
périodicité d’un fibré vectoriel stable sous l’action de Frobenius et la trivialité de son image inverse dans un
revêtement fini étale (due à Lange et Stuhler), et d’autre part la spécialisation du groupe fondamental, on
montre que le résultat est vrai pour tout corps algébriquement clos de caractéristique positive.
© 2009 Elsevier Masson SAS. All rights reserved.
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Let k be an algebraically closed field of positive characteristic and X be a smooth projective
curve over k with genus g  2. Denote by SUX(r) its coarse moduli space of semi-stable vector
bundles with rank r and trivial determinant. The absolute Frobenius Fa induces by pull-back a
rational map F ∗a : SUX(r)  SUX(r).
We are interested in the dynamic of this map, and more specifically, in its periodic points,
namely S-equivalence classes [E] of semi-stable vector bundles satisfying [Fna ∗(E)] = [E] for
some integer n  1. Our interest for these points comes from a classical result of Lange and
Stuhler. (Note that, in [7], the statement is not quite correct for the stability assumption is missing.
One can refer to the introduction of [1] for a complete argument under this assumption as well
as for a counterexample without it.)
Theorem 1.1. (See [7, Satz 1.4].) Let L be a field of positive characteristic and let Y be a proper
and smooth variety over L. Let E be stable vector bundle with rank r over Y . Then one can find
a finite étale cover π : Y˜ → Y such that π∗(E) ∼= O⊕r
Y˜
if and only if there is an integer n  1
such that Fn∗a (E) ∼= E.
The main result of this article is the following, analogous to the density of prime to p torsion
points in the Jacobian JX of X.
Theorem 1.2. Let k is an algebraically closed field of positive characteristic. Let X be a proper
and smooth curve over k with genus g  2. Then the set of k-points in SUX(r) periodic under
the action of Frobenius is dense.
Keeping in mind Theorem 1.1, the case where k = F¯p easily follows from an unpublished
work of Hrushovski [5], where he develops a nice geometry of difference schemes. For any
variety V over an algebraically closed field L of positive characteristic p, denote by Vn its pn-
twist and by Fn : V → Vn the n-th iterate of the relative Frobenius F . Denote by Φpn ⊂ V × Vn
the graph of Fn : V → Vn. Then, the main consequence of Hrushovski’s construction is the
following strengthened twisted Lang–Weil estimate:
Theorem 1.3 (Hrushovski [5]). Let L be an algebraically closed field of positive characteristic
p and let N , d be non-negative integers. Assume that V is a closed subvariety of ANL such
that V¯ ⊂ PNL has degree at most d , and that S is an irreducible subvariety of V × Vn such that
S¯ ⊂ PNL ×PNL ⊂ PN
2+2N
L also has degree at most d . Assume furthermore that dimS = dimV = r
and that the maps S → V and S → Vn induced by the projections are dominant with one of them
being quasi-finite.
Letting a := [κ(S) : κ(V )]/[κ(S) : κ(Vn)]insep, there is a constant c = c(N,d) such that, for
all positive integer s with ps > c, one has
∣∣S(L)∩Φps (L)
∣∣ = apsr + e with |e| cps(r− 12 ).
In particular, S(L)∩Φps (L) is non-empty for s big enough.
The result of Lange and Stuhler allows one to interpret periodic stable vector bundles in terms
of representations of the fundamental group, and we use specialization results for both moduli
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base field.
All schemes we will consider are Noetherian.
2. The proof when k = F¯p
The proof of the theorem in the case k = F¯p is a consequence of the following result, extend-
ing Proposition 5.5 of [3] to the case of a rational map.
Proposition 2.1. Let V be a variety over F¯p and f : V  V a dominant rational map. Then the
subset of V (F¯p) consisting in periodic points of f is Zariski dense in V .
Proof. There is a positive integer n such that V and f are defined over Fq , where q = pn.
Take an open affine subset U in V . As f is dominant, the restriction f |U : U  U is defined
at least generically and we let D ⊂ U denote an affine open subset contained in the domain of
definition of f |U . Letting Γ be the closure of the graph of f |U in U ×U and S be the intersection
Γ ∩(D×D), both projection S → D are dominant and the projection on the first factor is an open
immersion. Thus, we can apply the twisted Lang–Weil estimate stated above to S ⊆ D × D to
derive the proposition. In particular, the set S(F¯p)∩Φqt (F¯p) is non-empty for t big enough. One
can therefore find a point x in D(F¯p) such that f (x) = Fmn(x) = (F na )m(x) for some large m
(recall that everything being defined over Fq with q = pn, one has Fna = Fn). Since x is defined
over F¯p , F

a (x) = x for , and since f commutes with Fna , one obtains that





In other words, x is an F¯p-point of V contained in U that is periodic under the action of f and
the proposition is proved. 
Let us indicate briefly how Theorem 1.2 follows when k = F¯p . As observed by de Jong (see
[10, Theorem A.6]), the rational map F ∗ : SUX1(r)  SUX(r) induced by the relative Frobe-
nius F : X → X1 is dominant and the same holds of course for the iterates (Fm)∗ : SUXm(r) 
SUX(r) induced by Fm : X → Xm, m  1. Assume that the curve X is defined over Fq with
pn = q . Then X ∼= Xn and Fn = Fna and we apply the proposition to the rational map of F¯p-
schemes (F na )∗ : SUX(r)  SUX(r).
3. Specialization of the moduli spaces
Let Ω be an algebraically closed field of positive characteristic p and assume it is not isomor-
phic to F¯p . Let XΩ be a connected, proper and projective curve over Ω . Let SUXΩ (r) denote
the coarse moduli space of semi-stable rank r vector bundles with trivial determinant over XΩ
and let PΩ the Zariski closure of the set of stable points in SUXΩ (r) that are periodic under the
action of the absolute Frobenius. As XΩ and SUXΩ (r) are projective, XΩ , SUXΩ (r) and PΩ are
defined over some subfield K of Ω , that can be obtained as the field of fractions of a finitely
generated Fp-algebra A (in particular, K has finite transcendence degree over Fp). We can thus
assume that Ω = K¯ and we let XK (resp. SUXK (r)) denote the curve XΩ (resp. the moduli space
SUXΩ (r)) viewed as a scheme over K .
Upon normalizing A in K , we can assume that A is normal. Upon inverting some elements
in A, we can also assume that XK is the generic fiber of a proper A-scheme XA of relative
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such that the fiber Xp of XA at p is smooth and geometrically connected. Take a codimension
1 point η of SpecA containing p in its closure and denote by R the localization of A at η. As
A is normal, R is a discrete valuation ring with fraction field K . We let k denote its residue field
and k¯ the algebraic closure of k. Note that the transcendence degree of K over Fp minus the
transcendence degree of k over Fp is at least 1.
We let XR denote the pull-back of XA over R and Xk (resp. Xk¯) denote its special fiber (resp.
its geometric special fiber). By construction, Xk is smooth and geometrically connected. We
let SUXk (r) (resp. SUXk¯ (r)) denote the moduli space of semi-stable rank r vector bundle with
trivial determinant over Xk (resp. Xk¯). Of course, the notion of semi-stability for a vector bundle
Ek over Xk has to be understood geometrically (i.e., one requires that Ek ⊗k k¯ is a semi-stable
over Xk¯) and there is an isomorphism SUXk (r) ⊗k k¯ ∼−→ SUXk¯ (r). Using geometric invariant
theory over arbitrary base (see [4,11]), one can construct a projective scheme SUXR(r) over R
as a GIT quotient of some Hilbert scheme over R that is a coarse moduli space for semi-stable
rank r vector bundles with trivial determinant over XR (again, a vector bundle ER over XR
is semi-stable if ER ⊗R k¯ is semi-stable). The moduli space SUXR(r) specializes as expected.
Namely, one has the following
Theorem 3.1. (See [2, Theorem 2.1].) The canonical morphisms
SUXk (r) → SUXR(r)⊗R k and SUXK (r) → SUXR(r)⊗R K
are isomorphisms.
The proof given by Balaji and Mehta in case R is the ring W(k) of Witt vectors over k goes
through unmodified in the case we are interested in, namely the case of an equi-characteristic
discrete valuation ring.
4. Specialization of the algebraic fundamental group
Since Theorem 1.2 is true when the base field is F¯p , the proposition below proves it in full
generality by an inductive argument (the transcendence degree of k¯ over Fp is strictly less than
the transcendence degree of K¯ over Fp).
Proposition 4.1. With the notation above, assume that the set of points in SUXk¯ (r) that are
periodic under the action of Frobenius is dense. Then the set of points in SUXK¯ (r) that are
periodic under the action of Frobenius is also dense.
Proof. Assume that the set of points in SUXK¯ (r) that are periodic under the action of Frobenius
is not dense. It means that the closed subscheme PK¯ defined in the previous section is not the
whole SUXK¯ (r). Because XK¯ , SUXK¯ (r) and PK¯ are actually defined over K , we can apply[9, Section II.8], Theorem 1 and a corollary of the proof. These ensure that there is a closed subset
Ck in SUXk¯ (r) of the same codimension as PK¯ (in particular, this is not the whole SUXk¯ (r)) such
that any K¯-point of SUXK (r) lying on PK¯ specializes to a point lying on Ck .
As the stable locus of SUXk¯ (r) is dense, one picks a stable vector bundle Ek¯ over Xk¯ that is
stable and periodic under the action of Frobenius and that does not lie in Ck . Let SLr denote the
special linear group of rank r , considered as a group-scheme defined over Z. Using Theorem 1.1,
there is a (connected) finite étale covering f ¯ : Y ¯ → X ¯ , that one can assume to be Galois ofk k k
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pull-back f ∗¯
k
Ek¯ is isomorphic to O⊕rYk¯ . There is therefore an action of G on O
⊕r
Yk¯
, i.e., a represen-
tation ρ : G → SLr (k¯), such that Ek¯ identifies with the quotient of O⊕rYk¯ under the action of G
defined by ρ. Since Ek¯ is stable, ρ is irreducible and it follows from [6, Theorem 9.14] that, up to
conjugation, ρ actually comes from an absolutely irreducible representation ρ0 : G → SLr (Fq),
where Fq is some finite extension of Fp .
As both XK and Xk are smooth and XR is flat over R, XR → SpecR is separable in the
terminology of [12, Exposé X, Definition 1.1]. Furthermore, both XK and Xk are geometrically
connected and [12, Exposé X, Corollaire 2.4] applies: The specialization homomorphism
π1(XK¯) → π1(Xk¯)
defined up to inner automorphism, is surjective and the group G is also a quotient of the fun-
damental group π1(XK¯). The corresponding finite étale covering fK¯ : YK¯ → XK¯ with group
G is actually defined over some finite extension K ⊂ K ′ contained in K¯ . Upon enlarging K ′,
we can assume that it contains the finite field Fq and replacing R by its normalization R′ in
K ′, we can assume that K = K ′ and that Fq ⊂ K . Letting ρK¯ denote the (irreducible) rep-
resentation G → SLr (K¯) deduced from ρ0 by simply extending the scalars, one obtains an
irreducible action of G on O⊕rYK¯ . The corresponding vector bundle EK¯ over XK¯ is stable and
periodic under the action of Frobenius by construction (use Theorem 1.1 again). In particular, it
lies in PK¯ .
Let us look more carefully into the way in which YK¯ (hence EK¯ ) arises. Let Rˆ (resp. Kˆ)
denote the completion of R (resp. K) with respect to its valuation. It follows from [12, Exposé IX,
Theorem 1.10] that the functor
(Z → XR ⊗R Rˆ) → (Z ⊗Rˆ k → Xk)
from the category of finite étale coverings of XR ⊗R Rˆ to the category of finite étale coverings of
Xk is an equivalence of categories. In order to apply [12, Exposé 5, Proposition 6.9] and derive
the fact that the functor
(Z → XR ⊗R Rˆ) → (Z ⊗Rˆ ¯ˆK → XK ⊗K ¯ˆK)
from the category of finite étale coverings of XR ⊗R Rˆ to the category of finite étale coverings of
XK ⊗K ¯ˆK is fully faithful, one needs to observe the following: if the special fibre of a proper and
smooth scheme Z → Rˆ is connected, so is its generic fibre, and the same statement holds after
pulling the situation back to the normalization of Rˆ in any finite extension of Kˆ (here, we use
the fact that Xk is geometrically connected). Eventually, letting ¯ˆK denote the algebraic closure
of Kˆ , we use the properness of XK to derive from [12, Exposé X, Corollary 1.8] that the functor
(Z → XK¯) → (Z ⊗K¯ ¯ˆK → XK¯ ⊗K¯ ¯ˆK)
is an equivalence of categories.
In other words, YK¯ is, after extension of scalars to
¯ˆ
K , the geometric generic fiber of a finite
étale covering Y
Rˆ
→ XR ⊗R Rˆ which is Galois of group G and whose special fiber is the covering
Yk¯ → Xk¯ we have started with. Similarly, EK¯ is, after suitable extension of scalars, the geometric
generic fiber of a rank r vector bundle over XR ⊗R Rˆ whose special fiber is isomorphic to Ek¯ .
But, using Langton’s valuative criterion (see [8]), we exhibit a semi-stable rank r vector bundle
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the same as the special fiber of its pull-back to the completion of R which is Ek¯ by construction.
Thus, EK¯ lies in PK¯ and specializes onto Ek¯ that does not lie in Ck . This is a contradiction
and it concludes the proof. 
5. Some consequences
Letting MX(r) denote the coarse moduli space of semi-stable vector bundles with rank r and
degree 0, the density of prime-to-p torsion points in the Jacobian JX of X gives the following
Corollary 5.1. Let X be a smooth and proper curve X defined over an algebraically closed field
of characteristic p > 0. Then, the set of k-points in MX(r) periodic under the action of Frobenius
is dense.
Proof. First, recall that since JX is divisible, the morphism JX × SUX(r) → MX(r) mapping
a pair (L,E) to L ⊗ E is surjective. In particular, if W ⊂ JX and W ′ ⊂ SUX(r) are two dense
subsets, then W ×W ′ maps onto a dense subset of MX(r).
Now, if L is an order n line bundle over X, with n prime to p, consider the associated étale
cover XL → X defined by XL = Spec(OX ⊕L⊕· · ·⊕Ln−1). Of course, L goes to the structure
sheaf once pulled back to XL and therefore, using Theorem 1.1 once again, it is periodic under
the action of Frobenius. Consequently, the set of periodic points under the action of Frobenius in
JX(k) is dense and the corollary is proven. 
Recall that a strongly semi-stable vector bundle is a semi-stable vector bundles E such that
all the iterates Fna
∗E are semi-stable. Also recall that a stratified (or flat) vector bundle E is a
vector bundle such that there is a sequence En (n  0) of vector bundles over X with E0 ∼= E
and F ∗a En+1 ∼= En for all n 0. As a corollary of our theorem (and of the previous corollary),
one has
Corollary 5.2. Let X be a smooth and proper curve defined over an algebraically closed field of
characteristic p. Then, the following holds:
(a) The set of strongly semi-stable vector bundles over X is dense in SUX(r) (resp. in MX(r)).
(b) The set of stratified semi-stable vector bundles over X is dense in SUX(r) (resp. in MX(r)).
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